The scattering amplitude for the scattering of anti-plane shear waves by screw dislocations, and of in-plane shear and acoustic waves by edge dislocations are computed within the framework of elasticity theory. The former case reproduces well-known results obtained on the basis of an electromagnetic analogy. The latter case involves four scattering amplitudes in order to fully take into account mode conversion, and an adequately generalized optical theorem for vector waves is provided. In contrast to what happens for scattering by obstacles, the scattering amplitude increases with wavelength, and, in general, mode conversion in the forward direction does not vanish.
I. INTRODUCTION
The interaction of an elastic wave with inclusion-like defects has received quite a bit of attention, starting with work in the 1950s concerning the scattering of acoustical waves by spherical obstacles that may be empty, fluid filled, or elastic, embedded in an elastic medium. [1] [2] [3] Further works consider the case of transverse incident wave both for twodimensional cylindrical cavities 4, 5 and for three-dimensional spherical cavities [6] [7] [8] as well as for more complicated inclusion shapes. [9] [10] [11] [12] In addition to inclusions and flaws, which are static obstacles to elastic wave propagation in a solid, and whose interaction provide the underpinning for nondestructive testing, [13] [14] [15] [16] [17] dislocations are also defects that interact with acoustic waves. Edge dislocations were introduced as defects in a crystal by Orowan, Polanyi, and Taylor, 18 -20 and screw dislocations were introduced by Burgers. 21 Although they play a central role in the understanding of plasticity, it is very difficult to quantitatively measure their properties, a standard tool being electron microscopy. Would it be possible to develop acoustical diagnostic techniques to make quantitative dislocation measurements? A first step in that direction would involve a full understanding of the interaction between elastic waves and dislocations, about which surprisingly little can be found in the literature.
Again in the 1950s, the interaction of elastic waves with dislocations was studied by Nabarro, 22 who noted that waves would be scattered by a dislocation because the motion induced by the incoming wave would generate the emission of a scattered wave. Thus, a description of this mechanism involves two steps: the motion of a dislocation in the presence of an incident wave has to be known as well as a representation for the elastic field generated by a moving dislocation. Eshelby 23, 24 and Nabarro 22 used an electromagnetic analogy to tackle the case of a two-dimensional screw dislocation, which reduces to a scalar problem when the interaction is with an anti-plane shear wave. However, this analogy is no longer valid for edge dislocations when both in-plane shear and compressional waves are involved, each one with its own propagation velocity. In 1963, Mura 25 derived from the Navier equations an integral representation for the elastic field generated by a dislocation loop in three dimensions in arbitrary motion, of which two-dimensional cases can be obtained as special cases. Kiusalaas 26 considered the special case of an edge dislocation oscillating with an arbitrary velocity. Also, the expression of the total scattering cross section of an elastic shear wave incident at right angles with the Burgers vector of the dislocation can be found in the conclusion of this paper, suggesting that the authors have used some equation of motion for the edge dislocation. Unfortunately, no calculations are given, the authors indicating that they are too lengthy to be reproduced.
The derivation from the Navier equation of the equation of motion for a dislocation in the presence of an external, time-dependent, stress field has been obtained by Lund. 27 This work, together with the integral representation of Mura, 25 allows for a full description of the scattering of elastic waves by dislocations. This paper carries out this program for both screw and edge dislocations in two dimensions. In the former case, the problem reduces to a scalar problem for the anti-plane ͑shear͒ wave. The results obtained are in agreement with those obtained in Ref. 22 using the electromagnetic analogy. The latter case leads to a vector problem a͒ Electronic mail: agnes.maurel@espci.fr for the two in-plane ͑shear and compressional͒ waves. Thus, accounting for mode conversions, four scattering functions are determined.
In three dimensions, the interaction of sound waves with dislocation segments has been described by the vibrating string model 28 -31 based on the formulation of Koehler 32 in which the dislocation is modeled as a scalar string driven by a scalar time dependent stress. This model is very simple, a fact that allows for many applications, and it certainly captures the essence of the physics of the elastic wavedislocation interaction. It has been quite successful in explaining a wealth of data in acoustics and thermal conductivity experiments. 33 However, it does not consider the many complexities of this interaction. For example, it does not differentiate between edge and screw dislocations, or among the various polarizations available to an elastic wave. The present work presents a full vector treatment of the elastic wave-dislocation interaction in two dimensions.
The paper is organized as follows. Section II presents briefly the integral representation of the scattered wave due to the motion of the dislocation and the equation of motion for a dislocation in the presence of an incident wave. Simplified expressions for the bidimensional problem and in the case of small amplitude and small velocity ͑well below the speed of sound͒ motion of the dislocation are given. Sections III and IV treat, respectively, the anti-plane and in-plane cases and the derivation of the scattering functions are presented, as well as the resulting cross sections. It is found in both cases that the scattering strength of a dislocation increases when increasing the wavelength of the incident wave. The explanation for this unusual behavior comes from the particular mechanism of the scattering which differs from the mechanism responsible for the scattering by static inhomogeneity such as inclusions and voids, where a vanishing scattering cross section is expected at long wavelengths. As previously noted, the scattering by a dislocation is a consequence of a dynamic interaction with the incident wave and there is no reason to expect similar results here. Rather, the scattering cross section is linked to the equation of motion of the dislocation in the presence of an incoming wave, a motion whose amplitude does increase with the wavelength in the dynamical models of Refs. 24 and 27. A complete description of the interaction of an elastic wave with a dislocation would also consider the interaction with the core of the dislocation. This would need an atomistic description of the dislocation core. However, this effect can be neglected for elastic wavelengths that are long compared to core size, as is the case for externally generated waves even at the highest ultrasonic frequencies available.
II. BASIC EQUATIONS
The mechanism for the scattering of an elastic incident wave by a dislocation is quite simple: The incident wave hits the dislocation, causing it to oscillate in response. The ensuing oscillatory motion will generate outgoing ͑from the dislocation position͒ elastic waves.
The goal of this section is to briefly derive the integral representation of the scattered wave due to the motion of a dislocation ͑2.4͒ and the equation of motion of a dislocation In Secs. III and IV, these equations will be used when the dislocation motion is induced by an incident wave.
A. Scattered wave by a moving dislocation
We consider a dislocation loop X(,t), where is the coordinate along the loop L in the three-dimensional space with the current coordinates xϭ(x 1 ,x 2 ,x 3 ). b is the Burgers vector, defined by a discontinuity of the displacement field u:͛ C duϵϪb, formally written ͓u͔ϭb, where C is a closed curve around the dislocation with a direct orientation with respect to ϭ‫ץ‬X/‫ץ‬ ͑Fig. 1͒.
A homogeneous, linearly elastic solid containing a dislocation loop L is described by displacements u(x,t) away from an equilibrium position, and the equations of elastodynamics are ‫ץ‬
with boundary conditions
across a surface S bounded by the dislocation loop. We consider an isotropic solid, where the elastic constants are c i jkl
cients and is the density. Using the Green function in the three-dimensional free space
ϭ␦͑xϪxЈ͒␦͑tϪtЈ͒␦ im , the displacement u m generated by a dislocation loop X(,t) undergoing arbitrary motion can be written as an integral representation,
where n denotes the normal vector to S(t), the surface of discontinuity for the displacement ͓S(t) is time dependent since the dislocation line that defines X(,t) moves͔. Since this surface does not have a special physical significance, it should be possible to express physically meaningful quantities in terms of a source that is localized along the loop L. This was done by Mura 25 taking the time derivative of the preceding expression. Using
where ⌬S is an increment of S(t) with respect to a time increment ⌬t, ⑀ knh is the usual completely antisymmetric tensor and an overdot means time derivative. Thus, the velocity v m ϵu m is found to satisfy the integral representation:
͑2.3͒
In addition to the interest of deriving an integral representation over a curve that has a physical meaning, note that the displacement u ͑for which no such integral can be found͒ is not particularly relevant contrary to its time and space derivatives which appear in expressions of energy and momentum.
We consider now the bidimensional case of a dislocation line along the x 3 axis moving in the plane (x 1 ,x 2 ) ͑Fig. 2͒. Equation ͑2.3͒ takes the form
where ⑀ i j ϵ⑀ i j3 and G 0 ϵ͐ dx 3 G 0(3D) is the Green function in two dimensions. For small amplitude motion of a dislocation near the origin, we have at dominant order G 0 (x ϪX(tЈ),tϪtЈ)ӍG 0 (x,tϪtЈ). Since v m appears as a convolution product, we obtain in the frequency domain
In order to complete the description of the problem, the motion of the dislocation, Ẋ (t), needs to be known.
B. Equation of motion of a dislocation in two dimensions
A method of finding an equation of motion for a dislocation loop can be found in Ref. 27 . It is based on the observation that the equations of dynamic elasticity follow from a variational principle, and assumes low accelerations so that the backreaction of the radiation on the dislocation dynamics can be neglected. In two dimensions and under the hypothesis of subsonic bidimensional motion Ẋ Ӷ␣, ␤, where ␣ϭͱ(ϩ2)/ and ␤ϭͱ/ are the shear and compressional velocities, it takes the form:
͑2.5͒
where ⌺ ib ϭc ibkl ‫‪x‬ץ/ץ(‬ l )u k is the stress tensor ͓in Eq. ͑2.5͒, ⌺ ib is evaluated at the dislocation position͔ and L is the Lagrangian density,
with ␥ϭ␣/␤ and ␦, ⑀ are the long-and short-distance cut-off lengths, respectively. b ʈ and b Ќ are the components of the Burgers vector parallel and perpendicular to the dislocation line. Equation ͑2.5͒ represents typically an equation for a string endowed with mass forced by the usual PeachKoehler force. 34 In a more general case, say for oblique wave incidence, there would be additional terms arising from the line tension associated with the dislocation line curvature. A more realistic case would also consider the dislocation's viscosity. Here we neglect this effect for simplicity. Note, however, that even in the absence of an intrinsic dissipation by a single dislocation, the multiple scattering by many dislocations will damp an acoustic wave. 35 In Secs. III and IV, the response Ẋ (t) of screw (b Ќ ϭ0), and edge (b ʈ ϭ0), dislocations to an external elastic wave is derived from Eq. ͑2.5͒.
III. THE ANTI-PLANE CASE: SCATTERING BY A SCREW DISLOCATION
Here we consider the two-dimensional problem of the scattering of an elastic wave by a screw dislocation, for which b Ќ ϭ0, interacting with an incident anti-plane shear wave ͑no interaction with in-plane waves occurs͒. This is a scalar problem, which is easy to deal with.
A. Derivation of the scattering function
A screw dislocation corresponds to a Burgers vector parallel to the dislocation line b i ϭb␦ i3 ͑Fig. 3͒. In the presence of an incident wave v inc of frequency ⍀, Eq. ͑2.4͒ concerns the wave scattered by the dislocation v s ϭvϪv inc and simplifies in 
where v denotes v 3 and G 0 ϵG 33 0 is the scalar Green function for the shear wave. Since G 31 0 ϭG 32 0 ϭ0, the anti-plane case corresponds to the scalar case of the interaction of the anti-plane shear wave with a screw dislocation. As previously said, the integral representation has to be completed with the law for the dislocation motion Ẋ ͑͒ to be selfconsistent. In the case of a screw dislocation, the Lagrangian density reduces to Lϭ(b 2 /4␤ 2 )ln(␦/⑀)(Ẋ 2 /2Ϫ␤ 2 ). Equation of motion ͑2.5͒ takes the form
2 )ln(␦/⑀) the usual effective mass per unit length of dislocation. 36, 37 For a weak scattering strength, we use the Born approximation (uϭu inc in the term on the right-hand side͒ and we use the hypothesis of small amplitude motion ͓X(t) is taken equal to zero at dominant order for ⍀X/␤Ӷ1]. The previous expression takes the following form in the frequency domain:
The Born approximation is valid for weak interaction, i.e., when the scattered wave is a small correction to the incident wave. That this is a realistic assumption is demonstrated by recent experiments of acoustic waves interacting with dislocations [38] [39] [40] where it can be seen that the incident plane wave is only slightly distorted when crossing a dislocation.
Finally, Eqs. ͑3.1͒ and ͑3.2͒ lead to
At the distance x far from the dislocation, the scattering function f () is defined as the angular dependence of the scattered wave ͑3.4͒
B. Total cross section
The total cross section is classically defined starting from the time averaged total energy flux across a cylinder around the dislocation a ϭ 1 2 R(͐ dS ⌺v*) and decomposing ⌺ and v into a sum of the incident part and scattered part. Then, the scattered and total cross sections are defined, with s ϭϪ 
IV. THE IN-PLANE CASE: SCATTERING OF AN ELASTIC WAVE BY AN EDGE DISLOCATION
We consider in the following the two-dimensional problem of the scattering of an elastic wave by an edge dislocation interacting with incident in-plane compressional and shear waves ͑Fig. 4͒. In this case, no interaction with antiplane wave occurs. The mechanism for such scattering is the same as in the anti-plane case: The dislocation oscillates under the action of the incident wave, producing the emission of scattered waves. The differences come from the vectorial nature of the considered waves: Due to mode conversions, an incident compressional wave produces both compressional and shear scattered waves and the same occurs for an incident shear wave. Thus, in a general case, four scattering functions have to be calculated. 
A. Derivation of the scattering functions
The in-plane case corresponds to the interaction of an edge dislocation, for which b ʈ ϭ0, with the in-plane waves, propagating at velocities ␣ and ␤. We restricted ourselves to the case of gliding edge dislocations, for which the line dislocation moves only along its Burgers vector. Dislocation climb is not considered in this paper as it involves diffusive mass transport and cannot be treated within a purely elastic framework.
The velocity of the wave scattered by a gliding edge along the x 1 axis can be expressed using Eq. ͑2.4͒, with b i
͑4.1͒
The motion Ẋ (t)ϭ(Ẋ (t),0,0) of a gliding edge along the x 1 axis submitted to the wave displacement field u is given by Ref. 27, using Eq. ͑2.5͒ with b ʈ ϭ0 and b Ќ ∧Ẋ ϭ0. In this case, the Lagrangian density reduces to
where M ϭ(b 2 /4␤ 2 )(1ϩ␥ Ϫ4 )ln(␦/⑀) is the effective mass per unit length of edge dislocation. As for the case of the screw dislocation, we use the Born approximation to express Ẋ () as a function of the incident potentials ͑for weak scattering͒. At dominant order, the small parameter being ⍀X/␣,␤, we get
͑4.4͒
with
It now becomes convenient to introduce longitudinal ͑͒ and shear ͑͒ velocity potentials:
with ϭ͑0,0,͒. Far from the dislocation, the scattered potentials are defined by
͑4.8͒
where the scattering functions f ab , with a,bϭ␣,␤ denote the a wave resulting from an incident b wave and angle is the angle between x and the direction of propagation of the incident wave ͑Fig. 4͒. To derive the scattering functions, the matrix in Eq. ͑4.8͒ has to be found. To do this, we use the following relations:
where Eqs. ͑4.9͒ and ͑4.11͒ are simply the relations between velocity and potentials deduced from Eq. ͑4.6͒, with
and
͑4.13͒
Equation ͑4.10͒ is equivalent to Eq. ͑4.4͒ with
͑4.14͒
where K m is defined in Eq. ͑4.5͒. In the next step, we use now that the differential operators 
to write the set of Eqs. ͑4.10͒ and ͑4.11͒ as
and we find
͑4.17͒
Finally, with
͑4.18͒
Far from the dislocation, the asymptotic values of K m are calculated ͑see the Appendix͒ and the scattering functions are found by identification between Eqs. ͑4.8͒ and ͑4.18͒,
ͱ2⍀␣ 3 cos 2 0 sin͑2Ϫ2 0 ͒,
ͱ2⍀␤ 3 cos 2 0 cos͑2Ϫ2 0 ͒, whose shapes are given in Fig. 5 . From Fig. 5 and related formulas ͑4.19͒, important features of the elastic wave scattering can be seen: ͑i͒ no interaction occurs between the incident wave and the dislocation in the case of an incident longitudinal ␣ wave propagating in a direction parallel or perpendicular to the Burgers vector ( 0 ϭ0,/2); similarly no interaction occurs in the case of an incident shear ␤ wave propagating in directions with angle /4 with the Burgers vector. ͑ii͒ The scattered longitudinal wave is always zero in the direction of the Burgers vector (ϭ 0 ) and in the direction orthogonal to the Burgers vector while the shear wave reaches its maximum in these directions. Similarly, the shear scattered wave vanishes in directions with angle /4 with the Burgers vector ͑directions where the longitudinal wave reaches its maximum͒. However, in a general case, there is no particular behavior of the cross-coupled scattered waves in the incident direction, contrary to the case of scattering by an inhomogeneity studied in Ref. 41 , where the cross-coupled scattered waves remain always apart from the incident direction. An important consequence is that there is no simple argument to neglect mode conversion in a pure forward scattering problem.
B. The optical theorem with polarized waves
The cross sections are defined as in the scalar case. Here, the term ⌺v* dS reduces to
It is easy to find that s and t , normalized with the energy flux 0 ϭ⍀ 2 /2(A ␣ 2 /␣ϩA ␤ 2 /␤) of the incident plane wave across a unit surface, verify
ͬͮ .
͑4.21͒
The scattering cross-section s is deduced from Eq.
͑4.22͒
This expression is in agreement with Ref. 26 where the calculation was performed in the particular case A ␣ ϭ0, 0 ϭ/2, with a shear wave incident along the Burgers vector. Note that the scattered and total cross sections cannot be split in longitudinal and shear wave portions, because of the mode conversion. Such coupling has already been observed in the case of scattering of ultrasound by flaws in elastic materials 42 or in the case of the scattering of sound by an elastic inclusion. 43 As in the scalar case, it is found that the scattering strength increases with wavelength ͑see Sec. V͒. The second relation ͑4.21͒ corresponds to the optical theorem for coupled vector waves.
V. CONCLUDING REMARKS
The scattering by a dislocation investigated in this paper is related to a particular interaction that an elastic wave experiences with a dislocation. In addition to the scattering by the dislocation core, which is negligible at wavelength large compared with core size, the incident wave forces the dislocation to move. This motion involves not only the material close by the dislocation core, but also material at a distance from it comparable to the range of the dislocation deformation field. It is this mechanism that is investigated here. As the dislocation moves with an amplitude proportional to the frequency of the incident wave, it is found that the scattering strength increases with the wavelength ͑the scattering cross section is proportional to ⍀ Ϫ1 ). The limit ⍀→0, in which the scattering cross section diverges, is outside the framework of the present study. This is mainly because two-dimensional analysis assumes that the typical length in the third direction ͑here the length of the dislocation line͒ is large compared to the typical in-plane lengths, which fall off for infinite wavelength. In our calculations, the wavelength thus has an explicit lower limit b and an implicit upper limit that three-dimensional analysis would make appear.
This mechanism, although unusual, has been previously observed for an acoustic wave incident on a fluid vortex; 44 solving Navier-Stokes makes appear a motion of the vortex core due to the incident wave, producing scattering of the acoustic wave.
The vector case of coupled longitudinal and shear waves has been investigated here and it is, to the best of our knowledge, the first time that the complete calculation is reported.
In the recent years, experimental works [38] [39] [40] have shown pictures of the wave scattered by an individual dislocation in LiNbO 3 thanks to x-ray imaging. Comparison with these experimental results would necessitate extracting from the images quantitative information which is still not available.
Also, a natural extension of the present study would be to describe the modification of the wave propagation in the presence of multiple dislocations. 35 A recent experiment suggests that ultrasounds may be used to determine changes in the attenuation and the acoustic velocity due to dislocations. 45 Another possible experiment in this case would be to measure the modification of the resonant frequencies of a sample of material due to the presence of such scatterers. Work is in progress in that direction.
Finally, one can intend to describe the scattering by the dislocation core, i.e., due to the local microstructure near the dislocation line. As previously said, such scattering has a vanishing strength at long wavelengths ͑for instance, a discussion on this mechanism can be found in Ref. 22 where the author estimates the scattering cross section of order b 2 ⍀/␤). Since long means large compared with the core size b, usual situations are always in the range ӷb. Nevertheless, if interest is in that description, care has to be taken when considering the lattice as a continuum and a better description has to be sought with atomistic modeling, as done for instance numerically in Refs. 46 and 47.
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APPENDIX: ASYMPTOTIC BEHAVIOR OF THE GREEN FUNCTIONS FOR THE TWO-DIMENSIONAL NAVIER EQUATION
The asymptotic behavior of the Green functions G 0 (x,) for x→ϱ can be calculated starting from G 0 (k, 
͑A1͒
It is now sufficient to take the asymptotic form for large x ͑dominant terms in 1/ͱx) of the k-Fourier transform of G 0 (k,). After some calculations, we find The asymptotic behaviors of K 1 and K 2 defined in Eq. ͑4.5͒ are thus deduced
